CURVATURE ESTIMATE AND THE STABILITY OF MINIMAL
HYPERSURFACES

SHENGRONG WU

ABSTRACT. This article introduces the theory of minimal surface and some
important properties and applications about curvature estimate. In the second
part we introduce the proof of Bernstein’s theorem. In the third part we focus
on the minimal surface equation. In the forth part, we used the curvature
estimate theorems to prove several stability theorems.

CONTENTS

1. INTRODUCTION

In Riemannian geometry, we have defined the second fundamental form and the
mean curvature. Let (M, g) be a Riemannian manifold with Levi-Civita connection
V, and ¥ be a submanifold of M. The second fundamental form of ¥ is a vector-
valued bilinear form A(X,Y) = (VxY)¥, where V¥ denotes the normal component
of a tangent vector V. The mean curvature vector H at x is

k

H= ZA(Eiij)a

i=1

where E;,7 =1,...,k is an orthonormal basis for T, X.
Let F : ¥ x (—€,e) — M be a variation of ¥ with compact surpport. Let
¥ = Fy(X), and ¢ the local coordinates on .

Vol(Et)/Z\/det(g(dF(aii),dF(c,gj)))dzl/\--~/\dxk.
Set
i3(1) = 9(dF (5 ). AF (5 ).
and
o(t) = /det(gi; (£))det (g5 (0)).
Then
d d
@t:OVOZ(Zt):/Zat:Ov(t)dV.
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o(t) = 5 (det(gs; (1)) /AT (GTO)) - det(gis (1)

dt 1o dtt=0
= J (det(gi (1)

[N

VAAGTO))  det(giy (1)Trl(g" () 015(1)

= LTr(g )9V Fors Fo) + 9(V 5, Fa, B

Let 2 be normal coordinates at z, then

d

k k
%t*Ov(t) = Zg(thFxlvo) = Zg(vFLlFtale) = divs F}
- =0

i=1
Choose a orthonormal basis N;,l =1,--- ,n — k for NxM, so

Fy, = g(Fy, N))N, + F},

and
d .
atzov(t) - <voiNl’ Fpi){(Fy, Ni) + dlvEFtT
- 7<Nl’ sziF$i><Ft7Nl> + d’L’UEFtT
= —(Fy, A(Fyi, Fii)) + divs FF
= _<Ft7H> + di'UEFt.
Therefore,
d
(1) —  Vol(Z¢) = —/ (Fy, H)dV.
dt t=0 .

Definition 1.1. A submanifold ¥ C (M, g) is called minimal if H = 0.

There is an important lemma, which connects minimal surfaces and harmonic
functions.

Lemma 1.1. X¥ C R" is minimal if and only if the restrictions of the coordinate
functions of R™ to ¥ are harmonic.

Now assume ¥ is minimal, we next compute the second derivative of Vol(Z;).
For convenience, we assume that F;l' = 0.

& e
L vaE) = [ S
R /Edﬂv() v,

and in the preceeding computation we obtained

z%v@ — Tr((g;(£) (g ()]0 (D).

Choose normal coordinates at x, then

d2

2 ult) = Trlgly )] + Trl(gl, )6 ()] + STrl(af, 0)

2

= Trlgi5(0)] = Trl(g5;(0))(gi; (0)] + %TT[(géj(O))]2
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Tr[gij] = 2<Vin Fy, Fyi)
= 2<VF£iFEvai> + 2<VF$¢FtN7 Fyi)
~2Vp For . FN) +2(VE  Fl Fu) =0

E

k
= i=1

=1

= 2(Fygig; Foi) + 2(Fyig, Frig)
= 2Ry (Fyi, F) Fy, Fyi) + 2(Fygi, Foi) + 2(Fyig, Fiiy)
= 2R(Fyi, Fy, Fpi, Fy) 4 2divs Fyy + 2(F iy, Fpiy).
Note that
(Fivs Friv) = (Fuigy Fpa ) (Fpigy Fra) + (Fyigs Fgﬁ
[(AC, ), F)* + lgradS Fy |,

and we get
Tr((g;;(0))] = 2R(Fy, Fy, Fyi, Fy) + 2divs Fyy + [2(A(-, ), Fy)|* + 2| VY Fy*.

Since
<thi>F > + <F:v 7thﬂ> = 72<FtaFmi:1:j> = 72<A(Fa:iaFa:j)7Ft>a

Tr((g:;(0))(9i; (O)] = ((Feais Fos) + (Fos, Frai ) (Fras, For) + (Fus, Frat))

= 4|<A('7 ')7 Ft>|2‘
Combining the equations, we have
2 -
= v=—(A(), F)* + VYR + ) R(Fyi, Fy, Foi, Fy) + divs Fy.
dt?+=0 Pt
Define an self-sdjoint operator L by
k k
=ANX +Y Ru(E, X)Ei+ Y (A(E;, E)), X)A(E;, E)),
i=1 i,j=1
where F;,i = 1,--- ,k is the locally orthonormal frame on ¥ , and the second
derivative of the volume can be written in the form
d2
(12) - VOI(Zt) - — / <Ft,LFt>.
dt2 t=0 b

Definition 1.2. The operator L is called stability operator and a minimal sub-
manifold ¥ C M is stable if

—/<X,LX>20

holds for all normal vector field X with compact support. Moreover, a oriented,
immersed minimal hypersurfaces X"~ C R" is stable if

[1aps < [vsre

for any f € Cg°(%).
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In many cases, we may assume ¥ is a hypersurface with trivial normal bundle.
So we can identify a normal vector field X with a function f = (X, N) and in this
way,

(1.3) Lf = Asf +|A*f + Ricy (N, N)f.
From the computation, we immediately obtain the following lemma.

Lemma 1.2. (The Stability Inequality) X"~1 C M™ is a stable minimal hypersur-
face with trivial normal bundle, then for all f € C}(X)

(14) [ (Riew (v, + 1477 < [ (91,
b b
where N is the unit normal vector field.

Because —L can be seen as a symmetric functor on C§°(D) for each domain
D C ¥, we can study its first eigenvalues to find the stability of ¥. Define

Al(D,L):inf{—/Dfo:fech(D),/DfQ:1}

We can apply a general result for the operator A — ¢ to the stablility equation
to obtain the following lemma.

Lemma 1.3. (D.Fisher-Colbrie and R.Schoen (cf.[?CDR1])) If ¥ is a complete non-
compact oriented minimal hypersurface, then the following statements are equiva-
lent:

e M\ (D,L) >0 for every bounded domain D C 3.
e M\ (D, L) >0 for every bounded domain D C 3.
o There exists a positive function u with Lu = 0.

Remark 1.1. There exists a positive function u compactly surpported on D if and
only if D is a stable domain.

There are some famous conjectures about the structure of minimal hypersurfaces.

Conjecture 1.1. (R.Schoen) If ¥3 C R* is a complete, oriented, immersed, stable
minimal hypersurface, then ¥ is flat.

This conjecture has been proved in 2021 by Otis Chodosh and Chao Li, and in
the third part we will sketch its proof.

Conjecture 1.2. (Bernstein) Suppose f : R"™1 — R is a smooth function such
that its graph is minimal in R™, then f is linear.

Bernstein has proved the case n = 3, and De Giorgi showed that if every area-
minimizing cone in R* is planar then Bernstein’s conjecture holds for the case n = k.
In this way, he proved the case n = 4, and Almgren proved the case n = 5. Simons
extends Bernstein’s theorem to R®. But in fact, the conjecture fails when n > 9.
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2. THE MINIMAL SURFACE EQUATION AND BERNSTEIN’S THEOREM

Let f: R*~! — R be a smooth function with non-zero gradient, and the question
is when its graph is a minimal hypersurface in R". Let Xy = {(z!,22,--- ;2" 71, f(x) :
xl,--- 2"t € R)} be the graph of f. Consider the variation f + tg where
g € Cg*(R*1),

d d
—  Vol(Zi44g) :/ — 1+ |Vf+tVgldV
R

dti=o0 n—1 dtt=0

Sy PR /.|
st T VP

The equation

v

VIH IV

is called the minimal surface equation.
According to [?CM1], we introduce a useful curvature estimate to prove Bernstein
theorem when n = 3.

(2.1) M = div( ) =0,

Lemma 2.1. If f : U C R? — R satisfies the minimal surface equation,then for
allm € CL(U x R),

2 2 2
(2.2) / Az o) / 19

Sketch of Proof. Consider the Gauss map g : ¥y — §% The image of g is
contractible so the volume form w on S? is exact on g(Xf). Let da = w. We can
find a C = C(a) such that |g * o] < C|A|. Since |A|?> = —2K, we have

/ 772\A|2d0:—4/7]d17/\g*a
Xy

<C [9s,ullAldo < ¢ [lap/ivs, =

Theorem 2.1. (Bernstein) The graph of an entire solution to the minimal surface
equation in R3 is flat.

Proof. Consider the logarithmic cutoff funcion,

1, if r<vR
n(x) = 1 2 — 2log(r)/logR, if re (VR,R]
0, if r>R.
We have
\VE,«TN <

rlogR’
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Applying the preceding lemma, we get

/ Mﬁs/|m%2
B\/ﬁﬂz}f Zf

<C / Vs, n[?
Xy

< 70 / r—2
= (logR)? Jpyns,

logR
< / e
(logR) k=(logR)/2” (Ber \Bek—1)N%g
logR
C 2
<
— (logR)Z Z Ce
k=(logR)/2
<
logR

Letting R — oo, we get |A| = 0. Therefore, X is flat.

As for the high dimensional case, de Giorgi improved in [?GE1] that if there is
no minimal cones in R®~!, then the Bernstein theorem can be extended to R". In
this way, Bernstein conjecture was solved when n = 4,5,8. In [?BGG1], Bombieri,
de Giorgi and Giusti gave the counterexample for n > 9.

Definition 2.1. ¥*~! ¢ 87~ is a submanifold, then the cone over ¥ is defined by
CXE)={ z: AeR\{0},z € X}

Proposition 2.1. The following statements are equivalent:
(1) C(%) is minimal in R™.
(2) ¥ is minimal in S"~ L.
(3) Agz® + (k—1)z* = 0,i = 1,--- ,n, where (z,--- ,2™) are the coordinate
functions of R™ restricted on X.

Proof. Note that the mean curvature of ¥ C R™ is equal to
—Agz = —(Agz', -+, Aga™),

so ¥ C S™~! is minimal if and only if Agx is normal to S”~!. Therefore there is a
function f such that Asx = f - x. Exactly, f = —(k — 1) since

0=Ax|z|* =2f +2(k - 1).
For u € C>*(C(Y)), it can be written as u(x) = u(r,0).

1 1 Ou 0
Vc(g)u = ;Vgu(r ) + EE’
! 1 L, ou  O?
Acyu = T—ZAzu(r x)+ (k—=1)r o + wu

Therefore, if we write z° = ry?, we have
Aoz’ =r 'Asy’ + (k—1)r 'y =r~" (Asy’ + (k- 1)y') .

Hence we have the equivalence.
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Theorem 2.2. (Simon) There is no non-flat stable minimal hypercone in R™+!
when 3 <n+1<7.

Proof. Let M = C(X) be a stable minimal hypercone. By Simon’s identity
1
SAIAP = VAP - AT,

we have
|A|LIA] = |A|Am Al + A = [VA]? — |V]A]]%.
Let E; be an orthonormal basis for TM with E,, = ﬁ, then

g (1 T 1
Ajjn = I ;az’j m = *;aij (2).
ain = (Vg, Ei,v) = —(E;,Vg,v) =0.

2
S (S0 asain)
VAP — |V]A|? = a?

k-
K ZZj=1 a?j
_ i st (@rstije — Wijarst)?
a 2[A2
2 2
= TP D (@ranis = aniijr,s)
1,7,7,8
2
= W(ajrani,s)z
2
= W(ajrais,n>2
_ 24P
P
Therefore,
2|A|?
9 AILLA| = VAP - 71412 > 25

Plug |A|f into the stability inequality, we have

A2
2 [ LEp< [ apvar
M T M

On the other hand, if we set f = max{1, |z|}!=%~2¢|z|'*¢, then

[ele} B A2
[rapwre= [T [ Elwp
M 0 s T

<max{l+e¢,|2— g — €|}/ ol
0

<e-of Ve

Mo

2
e
provided n < 7. Hence we conclude that |A] = 0.

Theorem 2.3. (cf.[?Z1]) If u : R*~! — R is an entire solusion of the minimal
surface equation for n < 8, then u is linear.
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Proof. Without loss of generality, we may assume u(0) = 0. Denote
Area(B(0,s) NX,)
O(s) = — —
sn—L. Area(B] ™)

By co-area formula, we have

d

N2
—0O(s) = Area(B?il)_ls_k_l/
ds OB™(0,5)N%.

|z

)

|27

and
N2
o) - () = [ s
£.N(B(0,r)\B(0,s)) |z

©O(s) is increasing in s and we denote O to be the limitation as s — co. We claim
that

Area(0B7)
% 7 2Area(BM )’
This claim comes from the following calibration argument. If v : D C R*™! — R

satisfies the minimal surface equation and ¥ C D x R is another surface with
0% = 0%, then

©

Area(X,) :/ w= / w < Area(Y),
S b

where w(X1, cdots, X,,—1) = dVol(Xy, -+, X,,_1,v) is a closed form and if X; are
unit, then |w(X7, cdots, X,,—1)| < 1.
Clearly O, > lim,_,0©(s) > 1. If the equality holds, then " = 0, which implies
Y, is a cone. Since X, is well defined at the origin, it is exactly a hyperplain.
Pick 7, — 0 and consider Y, = lim,_7r,2,. Use stationary varifold the-
ory[?81], we know that ¥ is a stable minimal cone with constant Ox__(s) = O,
which leads to a contradiction to Theorem 2.2.

Theorem 2.4. (Bombieri, De Giorgi and Giusti) If n+1 > 9, there exists non-flat
complete minimal graphs in R™H1,

Sketch of Proof.

It suffices to show the case n = 2m > 8, since f(z?!,--- ,m”/) = f(al,--- a") is
obviously a solotion to the minmal surface equation when n’ > n and f is a solution
of n—dimensional minimal surface equation. Let u' = ((z')2 +--- + (2™)?)'/2 and
u? = (™12 4 (22™)?)Y/2. Assume f(z) is in the form F(u',u?). Rewrite
the minimal surface equation, we get

F, F.
0= (1+F)F — 2B FoFip + (1 + F)Fao + (m — 1) <ui + u;) (1+ F{ + F3).
We denote
_ 2 2 B 2, 2
LF—(1+F2)F11—2F1F2F12+(1+F1)F22+(m—1) E—'_E (1+F1 +F2)

In [?BGG1], Bombieri, De Giorgi and Giusti first construct two function Fy, F» with
the following properties, in which step m > 4 is important.
Let

T={(u"v?):u'>0,u®>>0},T1 ={u? <u"}NT, T = {v* >u'}NT.
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LF' > 0,LF? < 0 in Int(T1), while LF" < 0,LF* > 0 in Int(72). Moreover,
0<F'<FXinTy, F2<F' <0inTy, F' = F2if u! = 2 and 4,4,/ = 1,2 can
be extended to T' continuously. Denote fi(z) = F'(u',u?). One can easily find a
sequence g* from the following Dirichlet problem,

2m a 69%

— | —=2=___ |, in B(0,k),
= o= ( V31t |vgk|2>
" = on  9B(0,k).

and with a upper barrier and a lower barrier, we have the estimate
fr<g" <% axeB(0k).
To use Arzela-Ascoli theorem, we need the estimate on the gradient of g*.

Lemma 2.2. (Bombieri, De Giorgi, Miranda (1969), cf.[?S2]) Let U be a C?
solotion to the minimal surface equation on a ball B(xg,p) C R™, Then

|[Vu(zo)| < Crexp (C’gR‘lsupB(ImR)(u - u(xo))> ,
where Cy,Cs depend only on n.

From the lemma above, we have an estimate for |Vg*| and by Arzela-Ascoli
theorem and diagonal method, we can find a subsequence g%/ which uniformly
converge to g on any compact set K C R™. Moreover, g satisfies the minimal
surface equation and f! < g < f2. By computing the increasing order of f?, we
know that g cannot be linear.

3. MORE ON MINIMAL SURFACE EQUATION

In the past section, we have used the existence of solution of the Dirichlet prob-
lem. In this section, we introduce more details about the existence and regularity of
solutions to the minimal surface equation, especially the following Dirichlet prob-
lem.

2m ou
— | ===, in U,
(3.1) PO <\/1 + |Vu|2>
U= @, on OU.

Lemma 3.1.

Area(S,) = [ VITTVAE = supf [ (gnor-+udivg) s g € CHUSE™ ) [lglo < 1)
U U
for allu € WHH(U), where U C R™ is a bounded domain.

Let A(u) = Area(X,) be the area functional, we have several useful properties
of A from the lemma.

Proposition 3.1. We have the following properties,
(1) uj € WHY(U) converge to u € Wh1 in L' norm, then
A(u) < liminf; 0 A(u;).
(2) If u,v € WHL(U) with Vu # Vv, then for any t € (0,1), we have
Altu + (1 —t)v) < tA(u) + (1 —t)Av).
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Theorem 3.1. Assume U is a bounded domain with OU of C? continuous class,
and CYN (U, ¢) = {f € COVU) : f = ¢,z € OU, [flcor < k} is non-empty, then
there exists u € C,g’l(U, @) such that

A(u) = inf{A(u) : u € O (U, ¢)}.
Moreover, if [u]cor )y < k, u is exactly a solution to the minimal surface equation.

Proof. It is obviously that C’g’l(U, @) is equicontinuous and uniformly bounded.
Applying Arzela-Ascoli theorem and the strictly convex property, we finish the
proof.

If [u]cory <k, for any v € C(U), there exists 0 > 0 such that u; = v+ tv €
CPM(U) for any t € (—4,8). By the first variation formula, we know that u is the
weak solution to the minimal surface equation.

Definition 3.1. u € C’,g’l(U) is a supersolution(subsolution) for A if for all v €
CPM(U,) with v > u(v < u) on U we have A(v) > A(u).

Proposition 3.2. (Weak mazimum principle) Let u,v be a supersolution and a
subsolution of A in C’,S’l(U). If u > v on the boundary, then u > v in U.

This propostion is directly derived from Definition 3.1 by considering the set
K ={zeU:u(z) <v(z)} If wedenote

o =sup{v(y) —u(y) : y € OU},

then we have v(z) < u(x) + « since u + a,v are supersolution and subsolution
respectively, that is,

sup{v(z) —u(z) : € U} < sup{v(y) —u(y) : y € OU}.
Therefore, we have the following corollary.
Corollary 3.1. If uj,us are solutions to (3.1), and it is minimizing, then uy = us.
To prove the existence of the solution, we use barrier functions.

Definition 3.2. Let z € U, and d(z) = dist(x,0U), U, = {x € U : d(x) < €}.
Suppose ¢ € C%1(9U). An_upper barrier(lower barrier) vt relative to ¢ is a
Lipschitz function defined on U, for some €, with the following properties:

(1) v agrees with ¢ on 9U,

(2) v > supgy 9(v < supey, 9) on AU,
(3) v is a supersolution(subsolution).

Lemma 3.2. ¢ € C%1(0U), and upper barrier v*, lower barrier v~ exist. Then
A achieves its minimum on C%(U, ).

Proof. Choose k large enough such that C’,S’l(U, @) is non-empty. There exists a
area minimizing function v by Theorem 3.1. It suffices to show that [u]co.1 () < k.
We clain that infay¢ < u(x) < supgyd, Vo € U. This is because v = supyy ¢ is
always the area minimizing function on the set {x € U : u(x) > supyy¢} and by
Corollary 3.1, w = v. Similar argument holds for infg;¢. Therefore we have, for
x € JU,

v <u< v+,
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and by weak maximum principle, it holds for 2 € U,. Denote M = max([v"]co.1 (0., [v™]co1(v,)),
and we have for x € U, and y € 0U,
lu(z) — u(y)|

< M.
|z —y

For x € U\ U, and y € 90U,
u(a)—u(y)| < max{supovud—u(y), uly)—infar ¢} < max{v™*(2)—v*(y),v~(y)—v~ ()},
for any z € OU.. Hence we have in this case,
lu(z) — u(y)|

|z —y|

and one can choose k large enough such that [u]co,1(y < k, which completes the
proof.

<M,

Lemma 3.3. (cf.[?GT]) U is C? continuous with non-negative mean curvature,
then d(z) is superharmonic in U,.

Theorem 3.2. (H.Jenkins, J.Serrin) Let U be a bounded domain with C* contin-
uous boundary, OU has non-negative mean curvature and ¢ € C2(0U). Then there
ezists u € COY(U) which is a minimizing solution to the equation in the weak sence.

2m u

O ()
0 \ \/1+ [Vul?
u = ¢, on OU.

Proof. The proof is from [?BJMR].
We want to construct a barrier function of the form

v(z) = ¢(x) + ¥(d(x)),
where ¢ € C2([0,¢]) is to be determined. To make v a upper barrier, u should
satisfy

Bw
Mov=div| ————— ] <0
V<\/1—|—|V11|2> -

Lv = (1+ |Vo[?)32 Mo,

Let

we have
Lo =(1 + |Vv|*)A¢ — 0:00;¢0;;¢
+ ' (20;00;dA¢ + (1 + |Vo|*)Ad — 0;d0;$0;;¢ — 9;$0;$0;;d)
+ % (AG + 20;60;dAd — 0;dD;dd;;b) + '° Ad
+¢" (L+[V9]* — (2:90;d)?) .
If we require ¢’ > 1,9" < 0, then
Lv <" + Cy'”.

Set (t) = log(l%'t). If o' > 1 and 1(€) > 2sup,i7|¢(x)|, one can choose € = a3
and let € be sufficiently small. Similarly we can construct a lower barrier. The
existence comes from Lemma 3.2.
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Mean convexity of the boundary is necessary. Gilbarg and Stampacchia showed
that, the Dirichlet problem of an elliptic equation in the form

0 Ju ou
—Ai(=—, -, =), A €C?,
oz’ z<8x1 ax") !
can always be solved if U is strictly convex while there exists a elliptic equation
in this form cannot be solved if U is not strictly convex. As for minimal surface

equation, if AU is not mean convex, the Dirichlet problem is not solvable.

Theorem 3.3. (cf.[?BIMR]) Let U be a bounded domain with C* continuous bound-
ary. Suppose there is xo € OU with H(z¢) < 0. Then there exists ¢ € C*(OU) such
that

2m 9 ou

S B oL A— . in U,
= o' ( Vit |Vu|2>
u= ¢, on OU.

admits no solution u € C*(U).

Sketch of Proof. Since H(zg) < 0, we have Ad > ¢ > 0 for x € U N B(xo,7),
where r is sufficiently small. By using the following lemma, one can find a ¢ such
that Theorem 3.2 fails.

Lemma 3.4.
SuanﬂB(zo,r)u < Suan\B(zo,T)u + 07
for each u satisfies the minimal surface equation, and C' depends only on U.

Proposition 3.3. (A Version of Maximum Principle) Let U be a bounded domain
with C? continuous boundary, V a non-empty, closed subset of OU. u,v € C*(U)N
C(UUV) with

Mov<MuinU and v>uonV.
Let U' = {z € U : d(x) > t} and v; the correspongding unit outward normal vector
field along OU®. If for every open set W containing V we have

Vv -v
lim / l— ——— |dH" L =0,
oot OU\W ( 1+ |Vv2>

v>uin UUV.

Proof of Lemma 3.4. Let v(z) = o — Bd(x)2 for z € U N B(zg,r) and w(z) =
A — pdist(z, 5‘B(:co,r))% for z € U\ B(zo,7), and a, 3, A, p are to be determined.

Set Uy = U N B(xg,r) and V4 = U N dB(xg,r). We require Mv < 0, and
v(z) > u(z). By computing

then

o vvv y_,_ B
V1+[Vu]? 2/d(y) + p2/4’
the condition of Proposition 3.3 holds. By taking o = supy, u + 3y/diam(U) and
B2 > 2/e, we have

u(z) <wv(x) <supy,u+ By/diam(U).

Therefore,
(3.2) SUPHUAB(zo,r) Y < SUPTAoB(xo,m) U T BV diam(U).
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Set Uy = U \ B(xg,r), and Vo = 9U \ B(xg,r). We require Mw < 0 in Uy and
w(z) > u(x) on V. Choose A = supy, u+ py/diam(U) and p? > 2diam(U)/(n — 1),

similaily we have

u(r) < w(x) < supy,u + py/diam(U).
Therefore,
(3.3) SUPT 9B (29,r) U < SUPOU\ B(zg,r) U T 1/ diam(U).

Hence Lemma 3.4 follows.
Proof of Proposition 3.3. Let ¢ = max{0,u — v}, then

/ (Mv — Mu) ¢ <0.
Ut

Denote
X

F(X) = 7T|X|27

and V = {z : u(z) < v(z)} From integration by parts, we have
/ (F(Dv) — F(Du)) - v < / (F(Dv) — F(Du)) - D¢.
AUNV Un\v
Let F = (F',---  F") and
LoF
o Oxd

al = (sDu+ (1 — s)Dwv)ds,

then we have _ _ _

F*(Du) — F*(Dv) = (uj; —v;)a'j.
Note that ‘985 ,J = % and Du, Dv has a uniform bound, so b;; is elliptic with
(bij) > X on U* for each t.

[ oo < [ vjo0,

= / bij(u; —v;)di
UV
< (F(Du) = F(Dv)) - v

< /8 oy (L7 F D0 00

By letting t — 0, we obtain D¢ = 0, and therefore v > w.

4. STABILITY OF COMPLETE MINIMAL SURFACE IN EUCLIDEAN SPACE

In this section, we will first study the structure of complete stable minimal
surface in 3-manifolds. We introduce do Carmo’s proof [?CP1] of the structure
theorem of stability minimal surface in R?, then in 3-manifolds with non-negative
curvature which is proved by D.Fisher-Colbrie and R.Schoen[?CDR1], and in the end
0.Chodosh’s proof of the theorem when it is in R

Theorem 4.1. (M.do Carmo and C.K.Peng) Suppose M C R3 is a stable complete
immersion minimal surface, then M is flat.

Sketch of Proof. Denote the immersion ¢ : ¥ — R3. Consider the Riemannian
universal covering 7: ¥ — ¥. Then o7 : ¥ — R? is an immersion.
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Lemma 4.1. 3 is stable.

This is because, for each compact domain D, there is a non-negative, nontrivial
u on 7(D) with Lu = Asxu + |A|?>u = 0, we can lift u to @ on 3. Since 7 is a local

isometry, Lt = 0 with u non-negative.

In this way, we may assume ¥ is simply connected, and by uniformization theo-
rem, ¥ is conformally equivalent to either C of the unit disk D with induced metric
g = N (du® + dv?), A # 0.

If ¥ is conformally equivalent to D. By the stablility hypothesis, we have

/(quu +1A[u?)dV < 0.
)

In D, |A]? = %Alog)\, dV = \2dS, Ay, = )\%A, where dS denotes the flat area
form in D. So the inequality above can be written as

(4.1) /(uAu + u?Alog)?)dS < 0
D
Set u = ¢u, where ¢ = \7!, we get
3/ |Vo|?u?dS < / | Vul?dS — 2/ ou(Vu - Vo)dS
D D D
1
< / ?|Vu|?dS + e/ |Vo|?u?dS + - / $?|Vu|?ds,
D D €Jp
which implies that 3C, such that for all u € C°(D)
/|V¢|2u2dS < O/ | Vul?ds,
D D
Since Vy = %V, we finally obtain
(4.2) / |Vso2u?dV < O/ *|Vsul|*dV.
b b

Fix a € (0,1), and let u be the cutoff function that u = 1 on Bx(p, aR) and zero
ouside Bx(p, R), |Vu| < ﬁ.

C
Vsé|2dV < 7/(;32&/
/BE(P»GR) V=4l (1-a)?R? Jy

C
BT /Dds
TC

(1—a)2R?
By letting R — oo, we obtain that Vy¢ = 0, that is, A\ is constant, which is a
contradiction to the completeness.

If ¥ is conformally equivalent to C with the induced metric g = A2(du?+dv?), A #
0. Set ¢ = Alog\?, and from the stability equation, we have

(4.3) /(; pu?dS < /C |Vu|?dS.
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Let K = —# be the Gaussian curvature, on the minimal surface, if K # 0, we
have Aglog(—K) = 4K, which implies

AP +¢° — |Vg|* =0
, and then

/u2¢3dsz/u2|v¢|2d8—/u2¢A¢ds
C C C
:/u2|V¢|2dS+/u2|V¢|2dS+2/u¢Vu~V¢)dS
C C C

Set u = ug, from the stability inequality, we get

/¢3u2d5g/¢2|vu|2ds+/u2|v¢|2ds+2/¢uvu-v¢ds
C C (6] C

and therefore,

(4.4) / Vo [2u2dS < / 42| Vu|2dS.

C C
(4.5) /¢3u2d5 < C/ #*|Vul|?dS.

C C
Change u into u?, we get
(4.6) /¢>3u6d5§0/¢2u4|Vu|2dS

C C
3 L
(4.7) < Co (/ ¢3u6d5) (IVul®)®.
C

and finally,
(4.8) / $>ubdS < Cy / |Vu|6ds.

C C

Let u be the cutoff function such that u = 1 on B¢(0, R), u = 0 outside B¢(0,2R)
and |Vu| < %, then
C

$3dS < —.
/BC(OvR) R

By letting R — oo, we have ¢ = 0, which implies ¥ is flat.

Several years later, D.Fisher-Colbrie and R.Schoen extended the theorem to the
case M is a 3-manifold with non-negative scalar curvature.

Theorem 4.2. (D.Fisher-Colbrie and R.Schoen) Let M be a complete oriented 3-
manifold with non-negative scalar curvature and 3 be a complete oriented complete
stable minimal surface. Then one of the following holds.

(1) X is conformally equivalent to S* or ¥ is a totally geodesic flat torus.
Moreover, if S > 0, it is a sphere.

(2) X is conformally equivalent to C or a cylinder. If ¥ is a cylinder with finite
absolute total curvature, then it is flat and totally geodesic. If the scalar
curvature of M is pointwisely positive, then 3 is not a cylinder with finite
total curvature.
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Proof. Consider the orthonormal frame eq,es,e3 on ¥ with ez the unit normal
vector. h;; = (Ve,e;,es) and we have

hi1 + haa =0,
and for each f € C°(X)

2
/ IVfI> = | Ric(es,es) + »_ h | f2] >0.
>

ij=1
From the Gauss-Codazzi equation
Kia = K + hiy — hithas,

where K is the intrinsic Gaussian curvature of ¥, we have

2
1 2
K:Klg—iz%.

i,7=1

Therefore the stability operator can be written as

2

1 2

L=A+ S—K+§'Zlhij
1,)=

If ¥ is compact, we set f =1, and

2
1
K> - hZ. > 0.
foK= g Xz

i,j=1
By Gauss-Bonnet theorem, M has non-negative genus, which implies it is a sphere

or a torus.In the latter case, S = 0 on ¥ and ¥ is totally geodesic. Consider the
1%¢ eigenvalue
fE (|Vf|2 + KfQ) }
Js 12 '

By letting f be constant and from the stability, we have \; = 0. By considering
the variation f + tg, we have Af — Kf =0, and hence K is identically zero.

If ¥ is non-compact, we first assume it is simply connected. By Lemma 1.3,
there is a positive function g on X satisfying

)\1 = inf{

2
L 2
Ag—Kg+ S+§Zhi]‘ g="0.

ij=1

If ¥ is not conformally equivalent to the complex plane, it is a disc with a complete
metric g = A\?(dz? + dy?). We lift g to the disc, and the contradiction follows by
the next proposition.

Proposition 4.1. Let ds?> = \?(dx? + dy?) be a complete metric on the disc. P is
a mon-negative function, then there is no positive solution to the elliptic equation

Lu=—-Au+ Ku— Pu=0,

where K s the intrinsic Gaussian curvature.
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Proof of Proposition 4.1. Consider v = A™!, then Alogv = K, and we have

2
Av=Kv+ —— |V1)|

Let 1 be a smooth function supported in D CC X. We have by calculating

(D, L) / (0)? < / (Vo) + K (nv)? — P(v)?)

< / (—nn? — (V2 Ve?) — (Vo)

= [vake = [ vopy

Let n > 0 be a cutoff function supported on Bgy,z(0, R) which satisfies
1 C
n= 1on Bdsz(oa iR)a |V77‘ < E

Since h?dVol = dx A dy, we have

2 C*r 2 2
)‘1(Bd32(0>R)aL) (U’U) < > |V”U| n.
b)) R b))

By letting R large enough, we have A1(Bgs2(0, R), L) < 0, which implies there is
no positive solution.

Thus we know that for general X3, it is conformally equivalent to C or a cylinder A.
If the latter one holds, the metric can be written as ds? = \2(dx? + dy?) = \?|dz|%.
We set f =1 be the cutoff function used in the preceding proof. Fix p € X, then

02/ 1
— d:v/\dyE/(SK+ h?-)n?
B2 JB .2 0.R) = 3 21

If fz | K| < oo, by letting R — oo and using dorminated convergence theorem,

we have
1 2
- 2 ) < .
/E(S+22h”)/ZK

By the Cohn-Vossen inequality(cf.[?CVS]),

[x <o,
b

so X is totally geodesic and S = 0 on Y. From the stability, we can find a positive
v on ¥ with Lv = 0. Let m = logv, and by calculating we get

c / VPP < / (2K + 4]Vn[2).
> >

Letting R — oo, we have
0/ |Vw|2§/K:0,
b b

and hence v is constant and K is identically 0.

ldz|?
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If M has non-negative Ricci curvature, with the same arguement, we have X is
totally geodesic and Ric(es,es) = 0 on 3. By the Codazzi equation,
ch(el, e1) + Ric(ea, e2) — Ric(es, e3)
2
And from the Cohn-Vossen inequality, K is identically zero.

K=K,

> 0.

In R*, the stability of minimal hypersurface is much harder, because we have
no conclusion like the uniformization theorem in higher dimensional manifolds. In
2021, O.Chodosh proved a curvature estimate theorem and solved the Schoen’s
Conjecture.

Theorem 4.3. (O.Chodosh) Suppose ¥ C R* is a complete, connected, oriented,
immerse, stable minimal hypersurface, then it is flat.

Before we prove the main theorem, we first introduce a lemma about harmonic
function on manifold.

Lemma 4.2. For n > 3, let ¥ be a immersed, complete, connected, simply
connected, oriented, stable minimal hypersurface in R*T1 with uniformly bounded
curvature |A| < Cy. Then for each p € X, there exists a harmonic function
u € C®(X\ {p}) satisfying the following properties:
(1) w is positive with infimum 0.
) for each compact K such that p € Int(K), fZ\K |Vu|? < cc.
3) u(z) — 0 as d(z,p) — 0.
4) Vs >0, Qs = {u > s} U{p} is compact.
5) if such a s is also a regular value, then ¥y = u~'(s) is a close connected
submanifold.

(2
(
(
(

Remark 4.1. By Sard’s theorem, R = {regular values} is dense in (0, 00).
Remark 4.2. Let ¥ = {z € X, : |Vu|(z) # 0}, and we define

_ 2
F(s) = / s

As) = /zj A2,

One can check that F(s), A(s) are continuous, and F'(s) is Lipschitz on (0, c0).

and

Harmonic function on minimal hypersurface can always reflect some essential
information. In this section, we will introduce Chodosh’s estimate of F(s).

Proposition 4.2. For any ¢ € C21((0,00)), we have the inequality,

(4.9) /o¢(s)2 ds<—/ (s)%ds + = / & (s

Proposition 4.3. There is a C > 0 such that for all t € (0,1), the following
inequality holds,

¢ 1 1
(4.10)  F(t) < Ct* +4mt* + %t - liminf;_,q+ / A(s)ds + Zt?)/ 572 A(s)ds
! ¢
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Proposition 4.4. (Schoen, Simon, Yau) For n <7, if ¥® — R™*! is a complete,
connected, oriented ,immersed,stable minimal hypersurface, then there is a constant
C depending only on n so that

4. APud <o | VP,
(411) fuape<c [19s
for any f € COH(D).

In [?SSY1], the estimate was proved when p € [4,4 4+ /8/n). Chodosh include
the proof when n = 3 in his article[?CL1].

Sketch of Proof. Set e, = (|A|2+¢)%. Consider e.f in the stability inequality we
have

@12 [ AR < [ el dIVIAPRR + 5 e (VIAR, V) + VS

Moreover, by Cauchy Schwartz inequality, we have
(4.13)

1 1 1
[1aper < [ 1 IVIARF + 3et PITIAIR + 5o AP AR + 29 P
. . 4 2 2
Multiplying Simon’s inequality (cf.[?CM1], Chapter 2.1),
2
(4.14) AJAP? > —2|A* + 2 (1+1) IV|A|%,
n—

by eZ2f? and integrating by part, we obtain

/2 (1+ 2) =2 P|V]AI?
) n

1
< [ 2 PIAI + e PIVIAPE - e 2V VIAP)
b))

1 _ 1 _
<o [ PP - g9 nviap) + 5 [ pvian?
P P
5 _
s [ecorviape vz [ e
z P
5 _
5 [ rIvIar v2 [ ewse,
z z

where we use the fact |A| < €2 and |V|A[?|?> = 4] A|*|V|A]|?>. Rearrange the equation
and we have that

2 1 —2 p2 2 2 2
(1.15) (2-1) Lermar < [ ervse

Combining it with (3.13), we finally arrive at

(4.16) /\A|2 22 < ( +3>/263|Vf|2'

Letting € — 0 (using the dorminated convergence theorem) and replacing f by f3/2,
we find

1/3 2/3
(4.17) / Al f < C / fIAIIVf|2§C< / A|3f3> ( / IVf|3>

IN

IN
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therefore the estimate holds when n < 7.

In Proposition 4.2, we use the logarithmic cutoff function

0, if se(0€l)
1W, if sele,l)
o(z) = 1, if sell,t)
ts1, if secltl)
t(2 — s), if sell,2)
0, if s€2,00).

After caculating, we can obtain that,

J A(s)ds + 1 / a0+ [ et

Use Proposition 4.3, we get
1 1
4.18 F(t) <0@?) + =t sT4F(s)ds.
3
t

If there is a sequence t; € (0,1) converging decreasingly to zero so that

F(tj)t = supy, 11F(s)s ™%,

F(t;) < O(2) + %t? /1 s2(s~2F(s))ds

1 1
<O(t5) + gth(tj)/ s 2ds
t

J

—0(2) + %F(tj)(l — 1),

and we finally find that

and therefore,
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Proof of Theorem 4.3. Consider f = ¢ o u and apply Proposition 3.3, we have

3 ’LLS Iu3 U3
Lyﬂm>scé¢<HV|

:céwd@féjwﬁw

:CAMW@%%MS

< C’/ ¢ (s)*s%ds.
0
Use the logarithmic cutoff function
0, if sé€(—oo,R7?)
log(s) . -2 p-1
24+ ——= R
+10g(R), Zf 86[ 7R )
o(x) 1, if s€[RR)
log(s) . 9
log(R)’ Zf S 6 [R7R )
0, if s€[R? 00).

We get

[ g
R-1<u<R

R™! §2 R? s2
<C ————ds+C ———d
~  Jr2 $3logR|? ot /R s3|logR|3 §

= O(|logR|™).

By letting R — oo, we have |A| = 0. This implies that such a ¥ is flat.
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